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In this paper, we ﬁrst introduce a lattice decomposition and ﬁnite-dimensional lattice
decomposition (FDLD) for Banach lattices. Then we show that for a Banach lattice with
FDLD, the following are equivalent: (i) it has the Radon–Nikodym property; (ii) it is a KB-
space; (iii) it is a Levi space; and (iv) it is a σ -Levi space. We then give a sequential
representation of the Fremlin projective tensor product of an atomic Banach lattice with
a Banach lattice. Using this sequential representation, we show that if one of the Banach
lattices X and Y is atomic, then the Fremlin projective tensor product X ⊗ˆF Y has the
Radon–Nikodym property (or, respectively, is a KB-space) if and only if both X and Y have
the Radon–Nikodym property (or, respectively, are KB-spaces).
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
The general theory of tensor products of Banach spaces dates back to Grothendieck’s famous Memoir [22] and Ré-
sumé [21] in the 1950s, which recently was revisited by Diestel, Fourie, and Swart [14]. From the positivity perspective, it
is known that the projective tensor product X ⊗ˆπ Y of Banach lattices X and Y is, in general, not a Banach lattice. For
instance, p ⊗ˆπ q is not a Banach lattice for 1/p+ 1/q 1 (see [25]). In 1975, Cartwright and Lotz [11] showed that if X or
Y is an AL-space then X ⊗ˆπ Y is a Banach lattice. In 1972, Fremlin [18,19] investigated the positive projective tensor product
X ⊗ˆF Y of Banach lattices X and Y , which is a Banach lattice, called the Fremlin projective tensor product for convenience.
Combining the Cartwright and Lotz results in [11] with results in [10] by Buskes and van Rooij, one easily derives that
X ⊗ˆF Y is isometrically isomorphic to X ⊗ˆπ Y if and only if X or Y is isometrically isomorphic to an AL-space.
In 1976, Diestel and Uhl in [15] showed that the Radon–Nikodym property (hereafter called RNP) is inherited from the
dual Banach spaces X∗ , Y ∗ to their projective tensor product X∗ ⊗ˆπ Y ∗ if X∗ has the approximation property. Subsequently,
they asked in their classic monograph [16] whether RNP can be inherited from any two Banach spaces to their projective
tensor product.
In 1983, Bourgain and Pisier in [4] constructed a Banach space X with RNP for which the projective tensor product
X ⊗ˆπ X fails to have RNP. This remarkable counter-example shows that in general RNP is not inherited from any two Banach
spaces to their projective tensor product. However, Diestel and Uhl’s result in [15] proves that RNP is inherited under special
circumstances. For instance, Andrews in [3] improved Diestel and Uhl’s result and showed that RNP is inherited from any
dual Banach space X∗ and any Banach space Y to their projective tensor product X∗ ⊗ˆπ Y if X∗ has the approximation
property. Combining Talagrand’s results in [32] with Bu and Lin’s results in [9], RNP is inherited from any two Banach
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that if the Banach lattice X and the Banach space Y have RNP then so does X ⊗ˆπ Y .
Moreover, not only RNP, but other types of RNP as well, such as the analytic RNP, the near RNP, the non-containment of
a copy of c0 (see [8]), weak sequential completeness (see [26]), and the types of complete continuity properties (see [17])
are inherited from two Banach spaces to their projective tensor product if one of them has an unconditional basis.
Is RNP inherited from two Banach lattices X and Y to their Fremlin projective tensor product X ⊗ˆF Y ? Fremlin proved in
[18,19] that L2[0,1] ⊗ˆF L2[0,1] is not Dedekind complete and hence, does not have RNP. Thus RNP is not always inherited
from Banach lattices X and Y to their Fremlin projective tensor product X ⊗ˆF Y , even if both X and Y have very nice
properties as L2[0,1] does. However, in case that X or Y is either p for 1 p < ∞ (see [5]), or an Orlicz sequence space
(see [6]), RNP is inherited from X and Y to their Fremlin projective tensor product X ⊗ˆF Y .
In this paper, in Section 2, we characterize RNP for Banach lattices in terms of positively representable operators. In
Section 3, we introduce lattice decompositions for Banach lattices and characterize RNP for Banach lattices with a lattice
decomposition, and for atomic Banach lattices. In Sections 4 and 5, we associate with certain Banach sequence lattices λ
and a Banach lattice X a vector-valued Banach sequence space λs(X) and (respectively) the vector-valued Banach sequence
lattices λπ (X) and λπ,0(X). We show that λπ,0(X) has RNP (or, respectively, is a KB-space) if and only if the Banach
sequence lattice λ and a Banach lattice X have RNP (or, respectively, are KB-spaces). In Sections 6 and 7, we show that
λπ,0(X) is isometrically lattice isomorphic to the Fremlin projective tensor product λ ⊗ˆF X , and ﬁnally from a result by
Wolff [33], we show that RNP is inherited from an atomic Banach lattice and a Banach lattice to their Fremlin projective
tensor product.
It is worthwhile pointing out that Puglisi in Corollary 7 of [30] claimed that RNP is inherited from an atomic Banach
lattice and a Banach lattice to their Fremlin projective tensor product. However, his corollary is based on his Theorem 5 and
Corollary 6, both of which are incorrect. At the end of this paper, we will point out a counter-example as well as where the
mistake in his proof occurs.
Notations and terminology
For a Banach lattice X , denote by X∗ its topological dual, by BX its closed unit ball, and by X+ its positive cone. For
each x ∈ X , let x+ and x− denote the positive part and negative part of x respectively. For a vector lattice X , the sequence
space XN is a vector lattice under the following order,
x¯ 0 ⇐⇒ xi  0 (i ∈N),
where x¯ = (xi)i ∈ XN . Note that if x¯ = (xi)i ∈ XN and y¯ = (yi)i ∈ XN , then x¯ ∧ y¯ = (xi ∧ yi)i and x¯∨ y¯ = (xi ∨ yi)i . For each
n ∈N, let en = (0, . . . ,0,1,0,0, . . .) where 1 is in the nth place. For each x ∈ X , denote xen = (0, . . . ,0, x,0,0, . . .) where x is
in the nth place. For each n ∈ N and each x¯ = (xi)i ∈ XN , let x¯( n) = (0, . . . ,0, xn, xn+1, . . .). In the special case that X = R,
we often write a = (ai)i to denote the element of RN . For basic facts about Banach lattices we refer to Meyer-Nieberg’s
book [29] and for knowledge of the Radon–Nikodym property we refer to Diestel and Uhl’s book [16].
2. The Radon–Nikodym property for Banach lattices
Recall that a Banach space X is said to have the Radon–Nikodym property (or shortly, to have RNP) if for any ﬁnite measure
space (Ω,Σ,μ), each bounded linear operator from L1(μ) to X is representable. It is known that there exists a non-
representable bounded linear operator from L1[0,1] to the classical Banach sequence space c0. Actually, considering c0 as a
Banach lattice, there exists a positive operator from L1[0,1] to c0 which is not representable. For example, for each n ∈ N,
deﬁne a non-negative valued function gn on [0,1] as follows:
gn(t) =
{
1, t ∈ [ i
2k
, i+1
2k
],
0, otherwise,
where n = 2k + i, i = 0,1,2, . . . ,2k − 1, and k = 0,1,2, . . . ; and deﬁne a positive operator T as follows:
T : L1[0,1] −→ c0,
f −→
( 1∫
0
f (t)gn(t)dt
)
n
.
If T is representable, then there exists a function g ∈ L∞([0,1], c0) such that T ( f ) =
∫ 1
0 f (t)g(t)dt for each f ∈ L1[0,1].
Thus g(t) = (g1(t), g2(t), . . .) a.e. on [0,1]. But for each t ∈ [0,1], limn gn(t) = 0. Then T is not representable.
Recall that a Banach lattice X is called a KB-space if every norm bounded monotone sequence in X is convergent. If
a Banach lattice X is not a KB-space, then X contains a sublattice isomorphic to c0 (see [29, Theorem 2.4.12, p. 92]).
Thus by the example above, there exists a positive operator from L1[0,1] to X which is not representable. On the other
hand, if a Banach lattice X is a KB-space, then every bounded linear operator from L1[0,1] to X is a difference of two
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summarize all these results as follows.
Theorem 2.1. A Banach lattice X has RNP if and only if for any ﬁnite measure space (Ω,Σ,μ), every positive operator from L1(μ) to
X is representable.
For convenience, we mention here the following fact which will be used later in this paper. If a Banach lattice has RNP
then it is a KB-space, and a KB-space is Dedekind complete.
3. Lattice decompositions of Banach lattices
Recall that a norm on a Banach lattice X is said to be
(i) a Levi norm if 0 xα ↑ and ‖xα‖ 1 then supα xα exists in X ,
(ii) a σ -Levi norm if 0 xn ↑ and ‖xn‖ 1 then supn xn exists in X ,
(iii) a weak Fatou norm if there exists a constant M  1 such that if 0 xα ↑ x then ‖x‖ M · limα ‖xα‖, and
(iv) a weak σ -Fatou norm if there exists a constant M  1 such that if 0 xn ↑ x then ‖x‖ M · limn ‖xn‖.
A Banach lattice is called a Levi (respectively, σ -Levi, weak Fatou, weak σ -Fatou) space if its norm is a Levi (respectively,
σ -Levi, weak Fatou, weak σ -Fatou) norm. It is known (see [1,2]) that if X is a Levi space then X is Dedekind complete and
X is necessarily also a weak Fatou space; and if X is a σ -Levi space then X is σ -Dedekind complete and X is necessarily
also a weak σ -Fatou space. Obviously, a KB-space is a Levi space.
Let X be a Banach lattice. A Schauder decomposition of X is a sequence {Pi}∞1 of continuous projections on X such that
Pi ◦ P j = 0 for i = j and x =∑∞i=1 Pi(x) for each x ∈ X (see [24] or [27, §1.g]). The decomposition constant K is deﬁned by
K = supi ‖Pi‖ < ∞. If each Pi is a lattice homomorphism, then {Pi}∞1 is called a lattice decomposition of X . In this case, each
Pi[X] is a closed sublattice of X . Moreover, if each Pi[X] is ﬁnite-dimensional, then X is said to have a ﬁnite-dimensional
lattice decomposition (hereafter called FDLD).
Theorem 3.1. Let X be a σ -Levi space with a lattice decomposition {Pi}∞1 . Then X is a KB-space if and only if P i[X] is a KB-space for
each i ∈N.
Proof. We only need to show that X is a KB-space if each Pi[X] is a KB-space. To this end, take an increasing sequence
{xn}∞1 in X such that supn ‖xn‖ < ∞. Since each Pi is a lattice homomorphism, {Pi(xn)}∞n=1 is an increasing sequence
in Pi[X] and supn ‖Pi(xn)‖  K · supn ‖xn‖ < +∞ for each i ∈ N. Note that each Pi[X] is a KB-space. Thus limn Pi(xn) =
supn Pi(xn) exists in Pi[X] for each i ∈ N. Since X is a σ -Levi space, x = supn xn exists in X . Hence Pi(x) = Pi(supn xn) =
supn Pi(xn) for each i ∈N. Therefore, limn Pi(xn) = Pi(x) for each i ∈N. For all n,k ∈N, one has
0 x− xn  x− x1 ⇒ 0
∞∑
i=k
P i(x− xn)
∞∑
i=k
P i(x− x1) ⇒
∥∥∥∥∥
∞∑
i=k
P i(x− xn)
∥∥∥∥∥
∥∥∥∥∥
∞∑
i=k
P i(x− x1)
∥∥∥∥∥.
Note that limk ‖∑∞i=k P i(x − x1)‖ = 0 and limk ‖∑∞i=k P i(x)‖ = 0. Thus limk ‖∑∞i=k P i(xn)‖ = 0 uniformly for all n ∈ N. It
follows that limn xn = limn∑∞i=1 Pi(xn) =∑∞i=1 limn Pi(xn) =∑∞i=1 Pi(x) = x. Therefore X is a KB-space. 
Theorem 3.2. Let X be a σ -Levi space with a lattice decomposition {Pi}∞1 . Then X has RNP if and only if P i[X] has RNP for each i ∈N.
Proof. We only need to show that X has RNP if each Pi[X] has RNP. Using Theorem 2.1, it suﬃces to show that for any ﬁnite
measure space (Ω,Σ,μ), each positive operator T from L1(μ) to X is representable. For each i ∈ N, we write Ti = Pi ◦ T .
Each Ti is a positive operator from L1(μ) to Pi[X], and hence there exists a gi ∈ L∞(μ, Pi[X])+ such that Ti( f ) =
∫
Ω
f gi dμ
for each f ∈ L1(μ). For all n ∈N, deﬁne
T˜n : L1(μ) −→ X,
f −→
n∑
i=1
Ti( f ).
Then
0 T˜n( f ) T ( f ) ⇒
∥∥T˜n( f )∥∥X  ∥∥T ( f )∥∥X ⇒ ‖T˜n‖ ‖T‖ (n ∈N, f  0).
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g˜n : Ω −→ X+,
t −→
n∑
i=1
gi(t).
Then T˜n( f ) =
∫
Ω
f g˜n dμ for all f ∈ L1(μ). Hence g˜n ∈ L∞(μ, X+) = L∞(μ, X)+ and ‖g˜n‖∞ = ‖T˜n‖ ‖T‖. Thus∥∥g˜n(t)∥∥X  ‖T‖, μ-a.e. on Ω, n = 1,2, . . . .
Note that X is a σ -Levi space and that for each t ∈ Ω , {g˜n(t)}∞1 is an increasing sequence in X+ . Thus g(t) = supn g˜n(t)
exists in X+ μ-a.e. on Ω . Since each gi is a measurable function, each g˜n is a measurable function, and hence g is a
measurable function. Moreover, X is also a weak σ -Fatou space. Thus there exists a constant M  1 such that∥∥g(t)∥∥X  M · limn ∥∥g˜n(t)∥∥X  M · ‖T‖, μ-a.e. on Ω.
Then g ∈ L∞(μ, X)+ and one has
Pn
( ∫
Ω
f g dμ
)
=
∫
Ω
Pn( f g)dμ =
∫
Ω
f · Pn(g)dμ =
∫
Ω
f · gn dμ = Tn( f ) = Pn
(
T ( f )
) (
f ∈ L1(μ),n ∈N
)
.
Thus for all f ∈ L1(μ), T ( f ) =
∫
Ω
f g dμ and T is representable. 
We arrive at the following characterization of KB-spaces and Banach lattices with RNP under the FDLD condition.
Theorem 3.3. Let X be a Banach lattice with FDLD. Then the following assertions are equivalent:
(i) X is a σ -Levi space.
(ii) X is a Levi space.
(iii) X is a KB-space.
(iv) X has RNP.
The following two lemmas will be needed for our main results.
Lemma 3.4. Let λ be a sublattice of RN such that λ is an order continuous Banach lattice. Then for each a = (ai)i ∈ λ,
limn ‖a( n)‖ = 0.
Proof. If a  0, then a( n) ↓ 0 and hence, ‖a( n)‖ ↓ 0. Now for any a ∈ λ, a = a+ − a− and hence, a( n) = a+( n) −
a−( n). Therefore, limn ‖a( n)‖ = 0. 
Lemma 3.5. (See Wolff [33].) Let X be a Dedekind complete separable Banach lattice. Then X is atomic if and only if there is an order
continuous and injective lattice homomorphism from X to a sublattice of RN .
We note that the following corollary was also obtained by de Jonge in [23], which can, alternatively, also be derived from
the Ghoussoub and Talagrand result [20] and some Banach lattice theory.
Corollary 3.6. Let X be an atomic Banach lattice. Then X has RNP if and only if X is a KB-space.
Proof. Suppose that X is a KB-space. To show that X has RNP, it suﬃces to show that every separable closed sublattice Y of
X has RNP. Note that Y is a KB-space. By Lemma 3.5, there exists an order continuous and injective lattice homomorphism
ϕ from Y to ϕ[Y ], a sublattice of RN . Deﬁne a norm on ϕ[Y ] by ‖ϕ(y)‖ = ‖y‖ for each y ∈ Y . Then ϕ is an isometry and
lattice homomorphism from Y to ϕ[Y ]. Thus ϕ[Y ] is also a KB-space. Let Pn denote the nth coordinate projection on RN
for each n ∈N. By Lemma 3.4, {Pn|ϕ[Y ]}∞1 is a lattice decomposition of ϕ[Y ]. It follows from Theorem 3.3 that ϕ[Y ] has RNP
and hence Y has RNP. 
4. Banach sequence space λs(X)
Let λ be a sequence space, i.e., a subspace of RN . The Köthe dual of λ is deﬁned to be
λ′ =
{
(bi)i ∈RN:
∞∑
|aibi | < +∞ ∀(ai)i ∈ λ
}
.i=1
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From now on, throughout this paper, X will be a Banach lattice and λ will be a KB-sequence space with ‖ei‖λ = 1
for each i ∈ N. Note that a Banach lattice is a KB-space if and only if it is weakly sequentially complete. Thus λ has the
following property which derives immediately from Lemma 3.4 and [28, Theorem 1.c.4, p. 34].
Proposition 4.1. λ is a Köthe perfect sequence space and for each a = (ai)i ∈ λ, limn ‖a( n)‖λ = 0.
Since λ is order continuous, λ′ = λ∗ . Thus λ′ is also a Banach lattice and for each a = (ai)i ∈ λ and each b = (bi)i ∈ λ′ ,
‖a‖λ = sup
{∣∣∣∣∣
∞∑
i=1
aibi
∣∣∣∣∣: (bi)i ∈ Bλ′
}
,
and
‖b‖λ′ = ‖b‖λ∗ = sup
{∣∣∣∣∣
∞∑
i=1
aibi
∣∣∣∣∣: (ai)i ∈ Bλ
}
.
Deﬁne
λ′w(X∗) = λ′weak(X∗) =
{
x¯∗ = (x∗i )i ∈ X∗N: (x∗i (x))i ∈ λ′, ∀x ∈ X}
and
‖x¯∗‖λ′w (X∗) = sup
{∥∥(x∗i (x))i∥∥λ′ : x ∈ BX} (x¯∗ = (x∗i )i ∈ λ′w(X∗)).
Then λ′w(X∗) is a Banach space. Let λ′w,0(X∗) denote the closed subspace of λ′w(X∗) consisting of all such elements of
λ′w(X∗) whose tails converge to 0, i.e.,
λ′w,0(X∗) =
{
x¯∗ ∈ λ′w(X∗): limn
∥∥x¯∗( n)∥∥
λ′w (X∗) = 0
}
.
Deﬁne
λs(X) = λstrong(X) =
{
x¯ = (xi)i ∈ XN:
∞∑
i=1
∣∣x∗i (xi)∣∣< +∞, ∀(x∗i )i ∈ λ′w(X∗)
}
and
‖x¯‖λs(X) = sup
{∣∣∣∣∣
∞∑
i=1
x∗i (xi)
∣∣∣∣∣: (x∗i )i ∈ Bλ′w (X∗)
} (
x¯ = (xi)i ∈ λs(X)
)
.
Then λs(X) is a Banach space. In general, λs(X) may not be a Banach lattice. For example, if λ = p(1 < p < ∞) then
λs(X) = p〈X〉 which is isometrically isomorphic to p ⊗ˆπ X , the projective tensor product of p and X (see [7]). Thus
p〈X〉 ≡ p ⊗ˆπ X is a Banach lattice if and only if X is an AL-space (see [11]).
Note that for all (x∗i )i ∈ λ′w(X∗) and all (ti)i ∈ c0, (tix∗i )i ∈ λ′w,0(X∗). This fact gives us the following proposition.
Proposition 4.2. x¯ = (xi)i ∈ λs(X) if and only if for all (x∗i )i ∈ λ′w,0(X∗),
∑∞
i=1 |x∗i (xi)| < +∞. In this case,
‖x¯‖λs(X) = sup
{∣∣∣∣∣
∞∑
i=1
x∗i (xi)
∣∣∣∣∣: (x∗i )i ∈ Bλ′w,0(X∗)
}
.
To prove our next result, Proposition 4.3, we remind the readers of the Principle of Local Reﬂexivity.
Principle of Local Reﬂexivity. (See [12,31].) Let E and F be ﬁnite-dimensional subspaces of X∗∗ and X∗ , respectively. Then for each
ε > 0, there exists a linear operator T : E → X such that ‖T‖ 1 and∣∣x∗∗(x∗) − x∗(T x∗∗)∣∣< ε
for each x∗∗ ∈ E and each x∗ ∈ F .
Proposition 4.3. Let x¯∗ = (x∗i )i ∈ λ′w(X∗). Then for all x∗∗ ∈ X∗∗ , (x∗∗(x∗i ))i ∈ λ′ and
‖x¯∗‖λ′w (X∗) = sup
{∥∥(x∗∗(x∗i ))i∥∥λ′ : x∗∗ ∈ BX∗∗}.
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operator Tn : span{x∗∗} → X such that ‖Tn‖ 1 and∣∣x∗∗(x∗i )− x∗i (Tnx∗∗)∣∣< ε/n|ai |, i = 1,2, . . . ,n.
Thus
n∑
i=1
∣∣aix∗∗(x∗i )∣∣
n∑
i=1
∣∣ai(x∗∗(x∗i )− x∗i (Tnx∗∗))∣∣+
n∑
i=1
∣∣aix∗i (Tnx∗∗)∣∣ ε + ‖a‖λ · ∥∥(x∗i (Tnx∗∗))i∥∥λ′
 ε + ‖a‖λ · ‖Tnx∗∗‖ ·
∥∥(x∗i )i∥∥λ′w (X∗)  ε + ‖a‖λ · ‖x∗∗‖ · ∥∥(x∗i )i∥∥λ′w (X∗).
Hence
∞∑
i=1
∣∣aix∗∗(x∗i )∣∣ ‖a‖λ · ‖x∗∗‖ · ∥∥(x∗i )i∥∥λ′w (X∗) < +∞.
Therefore, (x∗∗(x∗i ))i ∈ λ′ and
sup
{∥∥(x∗∗(x∗i ))i∥∥λ′ : x∗∗ ∈ BX∗∗} ∥∥(x∗i )i∥∥λ′w (X∗).
This completes the proof. 
Since λ is an atomic KB-space, λ also is a dual Banach lattice (see [29, p. 378]). Thus K = (Bλ,weak∗) × (BX∗∗ ,weak∗)
is a compact Hausdorff space. For each x¯∗ = (x∗i )i ∈ λ′w(X∗), deﬁne J x¯∗ : K → R by ( J x¯∗)(t) =
∑∞
i=1 aix∗∗(x∗i ) for each
t = (a, x∗∗) ∈ K , where a = (ai)i ∈ Bλ and x∗∗ ∈ BX∗∗ . Note that J x¯∗ is well deﬁned by Proposition 4.3. Moreover, J is an
isometry as we show next.
Lemma 4.4. J : λ′w,0(X∗) → C(K ) is an isometry.
Proof. First we want to show that J x¯∗ ∈ C(K ) for each x¯∗ = (x∗i )i ∈ λ′w,0(X∗). Let α = ‖x¯∗‖λ′w (X∗) , and let to = (ao, x∗∗o ) ∈ K
and let ε > 0. By Proposition 4.1, there exists n ∈N such that∥∥ao( n)∥∥
λ
 ε/(6α)
and ∥∥x¯∗( n)∥∥
λ′w (X∗)  ε/6.
Let U be the subset of K consisting of all t = (a, x∗∗) ∈ K such that∣∣ai − aoi ∣∣< ε/(6n∥∥x∗i ∥∥), i = 1,2, . . . ,n
and ∣∣x∗∗(x∗i )− x∗∗o (x∗i )∣∣< ε/(6n∣∣aoi ∣∣), i = 1,2, . . . ,n.
Then U is an open subset of K containing to , and for each t = (a, x∗∗) ∈ U , one has
∣∣( J x¯∗)(t) − ( J x¯∗)(to)∣∣
∣∣∣∣∣
∞∑
i=1
(
ai − aoi
) · x∗∗(x∗i )
∣∣∣∣∣+
∣∣∣∣∣
∞∑
i=1
aoi
[
x∗∗
(
x∗i
)− x∗∗o (x∗i )]
∣∣∣∣∣

n−1∑
i=1
∣∣ai − aoi ∣∣ · ‖x∗∗‖ · ∥∥x∗i ∥∥+
∣∣∣∣∣
∞∑
i=n
(
ai − aoi
) · x∗∗(x∗i )
∣∣∣∣∣
+
n−1∑
i=1
∣∣aoi ∣∣ · ∣∣x∗∗(x∗i )− x∗∗o (x∗i )∣∣+
∣∣∣∣∣
∞∑
i=n
aoi x
∗∗(x∗i )
∣∣∣∣∣+
∣∣∣∣∣
∞∑
i=n
aoi x
∗∗
o
(
x∗i
)∣∣∣∣∣
< ε/6+ ∥∥a − ao∥∥
λ
· ‖x∗∗‖ · ∥∥x¯∗( n)∥∥
λ′w (X∗)
+ ε/6+ ∥∥ao( n)∥∥
λ
· ‖x∗∗‖ · α + ∥∥ao( n)∥∥
λ
· ∥∥x∗∗o ∥∥ · α
 ε/6+ 2ε/6+ ε/6+ ε/6+ ε/6= ε.
Thus J x¯∗ is continuous and hence, J x¯∗ ∈ C(K ). Moreover, by Proposition 4.3,
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{∣∣( J x¯∗)(t)∣∣: t = (a, x∗∗) ∈ K}
= sup
{∣∣∣∣∣
∞∑
i=1
aix
∗∗(x∗i )
∣∣∣∣∣: a = (ai)i ∈ Bλ, x∗∗ ∈ BX∗∗
}
= sup{∥∥(x∗∗(x∗i ))i∥∥λ′ : x∗∗ ∈ BX∗∗}= ‖x¯∗‖λ′w (X∗).
Therefore J is an isometry. 
We now present a useful characterization of λs(X).
Theorem 4.5. x¯ = (xi)i ∈ λs(X) if and only if there exist a(k) = (a(k)i )i ∈ λ and y∗∗k ∈ X∗∗ for each k ∈N such that
∞∑
k=1
∥∥a(k)∥∥
λ
· ∥∥y∗∗k ∥∥< +∞
and
xi =
∞∑
k=1
a(k)i y
∗∗
k , i = 1,2, . . . . (4.1)
Moreover,
‖x¯‖λs(X) = inf
∞∑
k=1
∥∥a(k)∥∥
λ
· ∥∥y∗∗k ∥∥,
where the inﬁmum is taken over all possible representations in (4.1).
Proof. First let x¯ = (xi)i ∈ λs(X). Deﬁne Fx¯ on J [λ′w,0(X∗)] by
Fx¯( J x¯
∗) =
∞∑
i=1
x∗i (xi)
(
x¯∗ = (x∗i )i ∈ λ′w,0(X∗)), (4.2)
where J is as in Lemma 4.4. Then Fx¯ is a bounded linear functional on the subspace J [λ′w,0(X∗)] of C(K ) with
‖Fx¯‖ = ‖x¯‖λs(X) . By the Hahn–Banach Theorem, Fx¯ can be extended norm-preservingly to F˜ x¯ ∈ C(K )∗ . Moreover, by the
Riesz Representation Theorem, there exists a regular signed Borel measure μ on K such that
F˜ x¯( f ) =
∫
K
f (t)dμ(t), ∀ f ∈ C(K ) (4.3)
and
|μ|(K ) = ‖ F˜ x¯‖ = ‖Fx¯‖ = ‖x¯‖λs(X). (4.4)
Deﬁne g : K → X∗∗ by g(t) = x∗∗ for each t = (a, x∗∗) ∈ K . Then g is weak∗ continuous and hence weak∗ μ-measurable.
Moreover∫
K
∣∣g(t)(x∗)∣∣d|μ|(t) = ∫
K
∣∣x∗∗(x∗)∣∣d|μ|(t) ‖x∗‖ · |μ|(K ) < +∞ (x∗ ∈ X∗). (4.5)
Thus g is Gel’fand integrable.
Deﬁne h : K → λ by h(t) = a for each t = (a, x∗∗) ∈ K . Then h is weak∗ continuous and hence weak∗ μ-measurable. By
Proposition 4.1, λ is separable and hence h has a separable range. It follows from Pettis’s Measurability Theorem that h is
strongly μ-measurable. Also∫
K
∥∥h(t)∥∥
λ
d|μ|(t) =
∫
K
‖a‖λ d|μ|(t) |μ|(K ) < +∞. (4.6)
Thus h is Bochner |μ|-integrable. By [16, Lemma 3, p. 172], for each ε > 0, there exist a sequence {a(k)}∞1 = {(a(k)i )i}∞1 in λ
and a sequence of Borel measurable subsets {Bk}∞1 in K such that
h(t) =
∞∑
a(k)χBk (t), |μ|-a.e. (4.7)
k=1
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∞∑
k=1
∥∥a(k)∥∥
λ
· |μ|(Bk)
∫
K
∥∥h(t)∥∥
λ
d|μ|(t) + ε. (4.8)
Now for each x∗ ∈ X∗ and each i ∈N, let x¯∗ = x∗ei . Then x¯∗ ∈ λ′w,0(X∗). From (4.2), (4.3), and (4.7), it follows that
x∗(xi) = Fx¯( J x¯∗) =
∫
K
( J x¯∗)(t)dμ(t) =
∫
K
aix
∗∗(x∗)dμ(t) t = (a, x∗∗) ∈ K
=
∫
K
g(t)(x∗) · 〈ei,h(t)〉dμ(t) =
∫
K
g(t)(x∗) ·
〈
ei,
∞∑
k=1
a(k) · χBk (t)
〉
dμ(t)
=
∞∑
k=1
a(k)i ·
∫
Bk
g(t)(x∗)dμ(t) =
∞∑
k=1
a(k)i · y∗∗k (x∗), (4.9)
where
y∗∗k = Gel’fand-
∫
Bk
g(t)dμ(t), k = 1,2, . . . .
Note that for each x∗ ∈ X∗ and each k ∈N, we have
∣∣y∗∗k (x∗)∣∣=
∣∣∣∣
∫
Bk
g(t)(x∗)dμ(t)
∣∣∣∣
∫
Bk
‖x∗‖ · ∥∥g(t)∥∥dμ(t) ‖x∗‖ · |μ|(Bk),
and hence∥∥y∗∗k ∥∥ |μ|(Bk), k = 1,2, . . . . (4.10)
From (4.6), (4.8), and (4.10), it follows that
∞∑
k=1
∥∥a(k)i y∗∗k ∥∥
∞∑
k=1
∥∥a(k)∥∥
λ
· ∥∥y∗∗k ∥∥
∞∑
k=1
∥∥a(k)∥∥
λ
· |μ|(Bk) |μ|(K ) + ε (i ∈N). (4.11)
It follows that the series
∑∞
k=1 a
(k)
i y
∗∗
k converges absolutely in X
∗∗ and hence, by (4.9),
xi =
∞∑
k=1
a(k)i y
∗∗
k , i = 1,2, . . . .
Using (4.4) and (4.11) we obtain
∞∑
k=1
∥∥a(k)∥∥
λ
· ∥∥y∗∗k ∥∥ |μ|(K ) + ε = ‖x¯‖λs(X) + ε < +∞
and hence,
inf
∞∑
k=1
∥∥a(k)∥∥
λ
· ∥∥y∗∗k ∥∥ ‖x¯‖λs(X).
On the other hand, suppose that x¯ = (xi)i has the representation (4.1). Then for all x¯∗ = (x∗i )i ∈ λ′w(X∗), it follows that
∞∑
i=1
∣∣x∗i (xi)∣∣
∞∑
i=1
∞∑
k=1
∣∣a(k)i y∗∗k (x∗i )∣∣
∞∑
k=1
∥∥a(k)∥∥
λ
· ∥∥(y∗∗k (x∗i ))i∥∥λ′ 
∞∑
k=1
∥∥a(k)∥∥
λ
· ∥∥y∗∗k ∥∥ · ‖x¯∗‖λ′w (X∗) < +∞.
Then x¯ ∈ λs(X) and
‖x¯‖λs(X) 
∞∑
k=1
∥∥a(k)∥∥
λ
· ∥∥y∗∗k ∥∥.
Therefore
‖x¯‖λs(X)  inf
∞∑
k=1
∥∥a(k)∥∥
λ
· ∥∥y∗∗k ∥∥. 
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Proof. Let x¯ = (xi)i ∈ λs(X). By Theorem 4.5, x¯ has a representation
xi =
∞∑
k=1
a(k)i y
∗∗
k , i = 1,2, . . . ,
where a(k) = (a(k)i )i ∈ λ and y∗∗k ∈ X∗∗ for all k ∈N and
∞∑
k=1
∥∥a(k)∥∥
λ
· ∥∥y∗∗k ∥∥< +∞.
Let b(k)i = a(k)i /‖a(k)‖λ , b(k) = (b(k)i )i , z∗∗k = y∗∗k /‖y∗∗k ‖, tk = ‖a(k)‖λ · ‖y∗∗k ‖, and t = (tk)k . Then t ∈ 1 and
xi =
∞∑
k=1
tkb
(k)
i z
∗∗
k , i = 1,2, . . . .
For each x¯∗ = (x∗i )i ∈ Bλ′w (X∗) , let θik = sign(b(k)i z∗∗k (x∗i )). Then for each k ∈N, one has
∞∑
i=1
∣∣b(k)i z∗∗k (x∗i )∣∣=
∣∣∣∣∣
∞∑
i=1
θikb
(k)
i z
∗∗
k
(
x∗i
)∣∣∣∣∣= ∣∣〈b(k), (θikz∗∗k (x∗i ))i 〉∣∣ ∥∥b(k)∥∥λ · ∥∥(θikz∗∗k (x∗i ))i∥∥λ′

∥∥b(k)∥∥
λ
· ∥∥z∗∗k ∥∥ · ‖x¯∗‖λ′w (X∗)  1,
and hence{( ∞∑
i=1
∣∣b(k)i z∗∗k (x∗i )∣∣
)
k
: x¯∗ ∈ Bλ′w (X∗)
}
⊆ B∞ .
Let ε > 0. Since B∞ is weak
∗-compact, there exists m ∈N such that
∞∑
k=m+1
|tk| ·
∞∑
i=1
∣∣b(k)i z∗∗k (x∗i )∣∣< ε/2, ∀x¯∗ ∈ Bλ′w (X∗). (4.12)
For each x¯∗ ∈ Bλ′w (X∗) and each k ∈N, one has∥∥(z∗∗k (x∗i ))i∥∥λ′  ∥∥z∗∗k ∥∥ · ‖x¯∗‖λ′w (X∗)  1,
and hence
{(
z∗∗k
(
x∗i
))
i: x¯
∗ ∈ Bλ′w (X∗), k ∈N
}⊆ Bλ′ .
By Proposition 4.1, limn ‖b(k)( n)‖λ = 0 for each k ∈N. Hence there exists n0 ∈N such that for each n > n0,
∞∑
i=n
∣∣b(k)i z∗∗k (x∗i )∣∣< ε/2‖t‖1 , x¯∗ ∈ Bλ′w (X∗), k = 1,2, . . . ,m. (4.13)
It follows from (4.12) and (4.13) that for each x¯∗ ∈ Bλ′w (X∗) and each n > n0, one has∣∣∣∣∣
∞∑
i=n
x∗i (xi)
∣∣∣∣∣
∞∑
i=n
∞∑
k=1
|tk| ·
∣∣b(k)i z∗∗k (x∗i )∣∣=
m∑
k=1
∞∑
i=n
|tk| ·
∣∣b(k)i z∗∗k (x∗i )∣∣+
∞∑
k=m+1
∞∑
i=n
|tk| ·
∣∣b(k)i z∗∗k (x∗i )∣∣
 ε/2+ ε/2= ε,
and hence limn ‖x¯( n)‖λs(X) = 0. 
Remark 4.7. For each n ∈ N, deﬁne Pn : λs(X) → λs(X) by Pn(x¯) = xnen for each x¯ = (xi)i ∈ λs(X). Then Pn is a continuous
projection. It follows from Theorem 4.6 that {Pn}∞1 is a Schauder decomposition of λs(X).
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We now deﬁne another Banach lattice valued sequence space:
λ′ε(X∗) =
{
x¯∗ = (x∗i )i ∈ X∗N: (∣∣x∗i ∣∣(x))i ∈ λ′, ∀x ∈ X+}
and
‖x¯∗‖λ′ε(X∗) = sup
{∥∥(∣∣x∗i ∣∣(x))i∥∥λ′ : x ∈ BX+} (x¯∗ = (x∗i )i ∈ λ′ε(X∗)).
Then λ′ε(X∗) is a Banach lattice and an ideal in the space of all sequences in X∗ . Deﬁne
λπ (X) =
{
x¯ = (xi)i ∈ XN:
∞∑
i=1
x∗i
(|xi |)< +∞, ∀(x∗i )i ∈ λ′ε(X∗)+
}
and
‖x¯‖λπ (X) = sup
{ ∞∑
i=1
x∗i
(|xi |): (x∗i )i ∈ Bλ′ε(X∗)+
} (
x¯ = (xi)i ∈ λπ (X)
)
.
Then λπ (X) is a Banach lattice and an ideal in the space of all sequences in X . Let λπ,0(X) denote the closed sublattice of
λπ (X) consisting of all such elements of λπ (X) whose tails converge to 0, i.e.,
λπ,0(X) =
{
x¯ ∈ λπ (X): lim
n
∥∥x¯( n)∥∥
λπ (X)
= 0
}
.
Remark 5.1. If λ = p for 1 < p < ∞, then λπ,0(X) = λπ (X) (see [5]) and if λ = ϕ , an Orlicz sequence space with an Orlicz
function ϕ satisfying the Δ2-condition, then λπ,0(X) = λπ (X) (see [6]). But we do not know if λπ,0(X) = λπ (X) for an
arbitrary sequence lattice λ.
Note that λ′ε(X∗) ⊆ λ′w(X∗) and for each x¯∗ ∈ λ′ε(X∗), ‖x¯∗‖λ′w (X∗)  ‖x¯∗‖λ′ε(X∗) . Thus we have the following proposition.
Proposition 5.2. λs(X) ⊆ λπ,0(X) and ‖x¯‖λπ (X)  ‖x¯‖λs(X) for all x¯ ∈ λs(X).
The proof of the following proposition will be postponed until Section 7 though its content will be used only in
Lemma 5.4 and its consequence, Theorem 5.5, whereas the proof of Proposition 5.3 in Section 7 will depend on Propo-
sition 6.1 and Theorem 7.3.
Proposition 5.3. x¯ = (xi)i ∈ λπ,0(X) if and only if there exist a(k) = (a(k)i )i ∈ λ+ and yk ∈ X+ for each k ∈N such that
∞∑
k=1
∥∥a(k)∥∥
λ
· ‖yk‖ < +∞
and
|xi |
∞∑
k=1
a(k)i yk, i = 1,2, . . . . (5.1)
Moreover,
‖x¯‖λπ (X) = inf
∞∑
k=1
∥∥a(k)∥∥
λ
· ‖yk‖, (5.2)
where the inﬁmum is taken over all possible representations in (5.1).
The Banach lattice λπ,0(X) inherits many properties of X . Some examples follow next.
Lemma 5.4. Let X be a KB-space.
(i) Consider λs(X) as a subset of the vector lattice XN . If {x¯(n)}∞1 is an increasing sequence in λs(X) such that supn ‖x¯(n)‖λs(X) < +∞,
then supn x¯
(n) exists in λs(X).
(ii) If {x¯(n)}∞1 is an increasing sequence in λπ,0(X) such that supn ‖x¯(n)‖λπ (X) < +∞, then supn x¯(n) exists in λπ,0(X). That is,
λπ,0(X) is a σ -Levi space.
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a KB-space, limn x
(n)
i = xi := supn x(n)i exists in X for each i ∈N. Let x¯ = (xi)i . Then x¯ = supn x¯(n) . Next we want to show that
x¯ ∈ λs(X).
For each ﬁxed x¯∗ = (x∗i )i ∈ λ′w(X∗) and each ﬁxed m ∈N, there exists n0 ∈N such that
∥∥x(n0)i − xi∥∥ 1/m∥∥x∗i ∥∥, i = 1,2, . . . ,m.
Thus
m∑
i=1
∣∣x∗i (xi)∣∣
m∑
i=1
∣∣x∗i (xi − x(n0)i )∣∣+
m∑
i=1
∣∣x∗i (x(n0)i )∣∣
m∑
i=1
∥∥xi − x(n0)i ∥∥ · ∥∥x∗i ∥∥+ ∥∥x¯(n0)∥∥λs(X) · ‖x¯∗‖λ′w (X∗)
 1+ ‖x¯∗‖λ′w (X∗) · supn
∥∥x¯(n)∥∥
λs(X)
< +∞.
Therefore,
∑∞
i=1 |x∗i (xi)| < +∞ and hence, x¯ ∈ λs(X).
(ii) Let {x¯(n)}∞1 be a non-negative and increasing sequence in λπ,0(X) such that supn ‖x¯(n)‖λπ (X) < +∞. Without loss of
generality, it is assumed that x¯(1) < x¯(2) < · · · . By Proposition 5.3, there exist a(1,k) = (a(1,k)i )i ∈ λ+ and y1,k ∈ X+ for each
k ∈N such that
∞∑
k=1
∥∥a(1,k)∥∥
λ
· ‖y1,k‖
∥∥x¯(1)∥∥
λπ (X)
+ 1
and
x(1)i 
∞∑
k=1
a(1,k)i y1,k < x
(2)
i , i = 1,2, . . . .
Continuing this process, there exist a(n,k) = (a(n,k)i )i ∈ λ+ and yn,k ∈ X+ for each k ∈N such that
∞∑
k=1
∥∥a(n,k)∥∥
λ
· ‖yn,k‖
∥∥x¯(n)∥∥
λπ (X)
+ 1
and
x(n)i 
∞∑
k=1
a(n,k)i yn,k < x
(n+1)
i , i = 1,2, . . . .
Let y(n)i =
∑∞
k=1 a
(n,k)
i yn,k for each n, i ∈ N and let y¯(n) = (y(n)i )i for each n ∈ N. By Theorem 4.5, y¯(n) ∈ λs(X). Moreover,
{ y¯(n)}∞1 is an increasing sequence in λs(X) with supn ‖ y¯(n)‖λs(X)  supn ‖x¯(n)‖λπ (X) + 1 < +∞. It follows from (i) that y¯ :=
supn y¯
(n) exists in λs(X). By Proposition 5.2, y¯ ∈ λπ,0(X). Note that x¯(n)  y¯(n) for each n ∈ N. So supn x¯(n)  supn y¯(n) = y¯
and hence, supn x¯
(n) ∈ λπ,0(X). 
Theorem 5.5.
(i) λπ,0(X) is a (σ -)Dedekind complete space if and only if X is a (σ -)Dedekind complete space.
(ii) λπ,0(X) is a KB-space if and only if X is a KB-space.
(iii) λπ,0(X) has RNP if and only if X has RNP.
Proof. (i) Let A be an order bounded subset of λπ,0(X). Then there exist y¯ = (yi)i, z¯ = (zi)i ∈ λπ,0(X) such that z¯ 
x¯  y¯ for each x¯ ∈ A. Thus for each n ∈ N and each x¯ = (xi)i ∈ A, zn  xn  yn . Since X is Dedekind complete, vn =
inf{xn: x¯ = (xi)i ∈ A} and un = sup{xn: x¯ = (xi)i ∈ A} exist in X and zn  vn  un  yn for each n ∈ N. Note that 0 
vn − zn  un − zn  yn − zn and that y¯ − z¯ = (yi − zi)i ∈ λπ,0(X). This shows that (vi − zi)i, (ui − zi)i ∈ λπ,0(X) and hence,
v¯ = (vi)i , u¯ = (ui)i ∈ λπ,0(X). Moreover, v¯ = inf{x¯: x¯ ∈ A} and u¯ = sup{x¯: x¯ ∈ A}. (i) is proved.
For each n ∈N, deﬁne Pn : λπ,0(X) → λπ,0(X) by Pn(x¯) = xnen for each x¯ = (xi)i ∈ λπ,0(X). Then Pn is a continuous pro-
jection and lattice homomorphism. Thus {Pn}∞1 is a lattice decomposition of λπ,0(X). (ii) and (iii) follow from Theorems 3.1,
3.2, and Lemma 5.4(ii). 
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For Banach lattices X and Y , let X ⊗ Y denote the algebraic tensor product of X and Y . The projective cone on X ⊗ Y is
deﬁned (see [29, p. 229]) by
Cp =
{
n∑
k=1
xk ⊗ yk: n ∈N, xk ∈ X+, yk ∈ Y+
}
.
Fremlin [18,19] introduced the positive projective tensor norm on X ⊗ Y as follows:
‖u‖|π | = sup
{∣∣∣∣∣
n∑
k=1
ϕ(xk, yk)
∣∣∣∣∣: u =
n∑
k=1
xk ⊗ yk, xk ∈ X, yk ∈ Y , ϕ ∈ M
}
(u ∈ X ⊗ Y ), (6.1)
where M is the set of all bipositive bilinear functionals ϕ on X×Y with ‖ϕ‖ 1. He also gave an alternative characterization
of ‖ · ‖|π | as follows:
‖u‖|π | = inf
{
n∑
k=1
‖xk‖ · ‖yk‖: xk ∈ X+, yk ∈ Y+, |u|
n∑
k=1
xk ⊗ yk
}
(u ∈ X ⊗ Y ). (6.2)
Let X ⊗ˆF Y denote the completion of X ⊗ Y with respect to the positive projective tensor norm ‖ · ‖|π | . Then X ⊗ˆF Y with
Cp as its positive cone is a Banach lattice, called the Fremlin projective tensor product of X and Y .
Proposition 6.1. Let X and Y be Banach lattices and let u ∈ X ⊗ˆF Y . Then for each ε > 0, there exist a sequence {xk}∞1 in X+ and a
sequence {yk}∞1 in Y+ such that |u|
∑∞
k=1 xk ⊗ yk (where
∑∞
k=1 xk ⊗ yk converges absolutely in X ⊗ˆF Y ) and
‖u‖|π | 
∞∑
k=1
‖xk‖ · ‖yk‖ ‖u‖|π | + ε.
Proof. Let u ∈ X ⊗ˆF Y and let ε > 0. For each k ∈N, choose uk ∈ X ⊗ Y such that
‖uk − u‖|π | < ε/2k+2.
There exist, by (6.2), n1 ∈N, x(1)i ∈ X+ , and y(1)i ∈ Y+ for i = 1,2, . . . ,n1 such that
|u1|
n1∑
i=1
x(1)i ⊗ y(1)i
and
n1∑
i=1
∥∥x(1)i ∥∥ · ∥∥y(1)i ∥∥ ‖u1‖|π | + ε/23.
By (6.2) again, there exist n2 ∈N, x(2)i ∈ X+ , and y(2)i ∈ Y+ for i = 1,2, . . . ,n2 such that
|u2 − u1|
n2∑
i=1
x(2)i ⊗ y(2)i
and
n2∑
i=1
∥∥x(2)i ∥∥ · ∥∥y(2)i ∥∥ ‖u2 − u1‖|π | + ε/24.
Continuing this process, there exist nk ∈N, x(k)i ∈ X+ , and y(k)i ∈ Y+ for i = 1,2, . . . ,nk such that
|uk − uk−1|
nk∑
i=1
x(k)i ⊗ y(k)i
and
nk∑∥∥x(k)i ∥∥ · ∥∥y(k)i ∥∥ ‖uk − uk−1‖|π | + ε/2k+2.
i=1
Q. Bu, G. Buskes / J. Math. Anal. Appl. 355 (2009) 335–351 347Deﬁne xi ∈ X+ as follows: xi = x(1)i for 1 i  n1, xi = x(2)i−n1 for n1 + 1 i  n1 + n2, . . . , xi = x
(k)
i−mk−1 for mk−1 + 1 i mk
where mk =∑ki=1 ni for k = 1,2, . . . . Similarly deﬁne yi ∈ Y+ . Then
|u1|
m1∑
i=1
xi ⊗ yi
and
|uk − uk−1|
mk∑
i=mk−1+1
xi ⊗ yi, k = 2,3, . . . .
Moreover, one has
∞∑
k=1
‖xk ⊗ yk‖|π | =
m1∑
i=1
‖xi ⊗ yi‖|π | +
∞∑
k=2
mk∑
i=mk−1+1
‖xi ⊗ yi‖|π | 
m1∑
i=1
‖xi‖ · ‖yi‖ +
∞∑
k=2
mk∑
i=mk−1+1
‖xi‖ · ‖yi‖
=
n1∑
i=1
∥∥x(1)i ∥∥ · ∥∥y(1)i ∥∥+
∞∑
k=2
nk∑
i=1
∥∥x(k)i ∥∥ · ∥∥y(k)i ∥∥ ‖u1‖|π | + ε/23 +
∞∑
k=2
(‖uk − uk−1‖|π | + ε/2k+2)
 ‖u‖|π | + ‖u1 − u‖|π | + ε/23 +
∞∑
k=2
(‖uk − u‖|π | + ‖u − uk−1‖|π | + ε/2k+2)
 ‖u‖|π | + ε/22 +
∞∑
k=2
(
ε/2k+2 + ε/2k+1 + ε/2k+2) ‖u‖|π | + ε.
Thus the series u1 +∑∞k=2(uk − uk−1), |u1| +∑∞k=2 |uk − uk−1|, and ∑∞k=1 xk ⊗ yk are all absolutely convergent in X ⊗ˆF Y .
Note that u = u1 +∑∞k=2(uk − uk−1). So
|u| |u1| +
∞∑
k=2
|uk − uk−1|
∞∑
k=1
xk ⊗ yk
and
‖u‖|π | 
∞∑
k=1
‖xk ⊗ yk‖|π | 
∞∑
k=1
‖xk‖ · ‖yk‖ ‖u‖|π | + ε. 
Lemma 6.2. Let X and Y be Banach lattices, and let Z and W be ideals of X and Y respectively. Then (Z ⊗ W )+ is a solid subset of
(X ⊗ Y )+ .
Proof. Let u ∈ (X ⊗ Y )+ and v ∈ (Z ⊗ W )+ such that u  v . Since u  0, there exist m ∈ N, xk ∈ X+ , and yk ∈ Y+ for
k = 1,2, . . . ,m such that u = ∑mk=1 xk ⊗ yk . Since v  0, there exist n ∈ N, zk ∈ Z+ , and wk ∈ W+ for k = 1,2, . . . ,n such
that v =∑nk=1 zk ⊗ wk . For each i ∈N, choose x∗ ∈ X∗+ such that x∗(xi) = 1. Note that xi ⊗ yi  u. Thus
yi = 〈x∗, xi ⊗ yi〉 〈x∗,u〉 〈x∗, v〉 =
n∑
k=1
x∗(zk)wk.
Since W is solid, yi ∈ W . Similarly, one can show that xi ∈ Z . Therefore, u =∑mk=1 xk ⊗ yk ∈ (Z ⊗W )+ and hence, (Z ⊗W )+
is a solid subset of (X ⊗ Y )+ . 
Proposition 6.3. Let X and Y be Banach lattices and S be a separable closed sublattice of X ⊗ˆF Y . Then there exist an ideal Z generated
by a separable closed sublattice of X and an ideal W generated by a separable closed sublattice of Y such that S is a closed sublattice
of Z ⊗ˆF W .
Proof. Since S is separable, there exists a sequence {un}∞1 in X ⊗ Y such that D = {un}∞1 is dense in (S,‖ · ‖X⊗ˆF Y ). For each
m,n ∈N, there exist, by (6.2), pm,n ∈N, xm,n,k ∈ X+ , and ym,n,k ∈ Y+ for k = 1,2, . . . , pm,n such that
|un|
pm,n∑
k=1
xm,n,k ⊗ ym,n,k, m,n = 1,2, . . .
and
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k=1
‖xm,n,k‖ · ‖ym,n,k‖ ‖un‖X⊗ˆF Y + 1/m, m,n = 1,2, . . . .
Let Z be the ideal generated by span{xm,n,k: k = 1,2, . . . , pm,n, m,n = 1,2, . . .} and W be the ideal generated by
span{ym,n,k: k = 1,2, . . . , pm,n, m,n = 1,2, . . .}. By Lemma 6.2, un ∈ Z ⊗ W for each n ∈N. Moreover,
‖un‖Z⊗ˆF W 
∥∥∥∥∥
pm,n∑
k=1
xm,n,k ⊗ ym,n,k
∥∥∥∥∥
Z⊗ˆF W

pm,n∑
k=1
‖xm,n,k‖ · ‖ym,n,k‖ ‖un‖X⊗ˆF Y + 1/m.
Letting m → +∞,
‖un‖Z⊗ˆF W  ‖un‖X⊗ˆF Y .
By (6.2), ‖un‖Z⊗ˆF W  ‖un‖X⊗ˆF Y . Thus ‖un‖Z⊗ˆF W = ‖un‖X⊗ˆF Y for each n ∈ N. Therefore, S = closure of (D,‖ · ‖X⊗ˆF Y ) =
closure of (D,‖ · ‖Z⊗ˆF W ), which is a closed sublattice of Z ⊗ˆF W . 
7. The Radon–Nikodym property for the Fremlin projective tensor product
Fremlin’s Theorem. (See [18,19].) Let X and Y be Banach lattices. Then for every Banach lattice G and every bipositive map
T : X × Y → G, there exists a unique positive map T⊗ : X ⊗ˆF Y → G such that ‖T⊗‖ = ‖T‖ and T⊗(x ⊗ y) = T (x, y) for all
x ∈ X and y ∈ Y . Moreover, T⊗ is a lattice homomorphism if and only if T is a lattice bimorphism.
It is straightforward to obtain the following two lemmas.
Lemma 7.1. For each (ai)i ∈ λ and each x ∈ X, x¯ = (aix)i ∈ λπ,0(X).
Lemma 7.2. The map T : λ × X → λπ,0(X) deﬁned by T (a, x) = (aix)i (a = (ai)i ∈ λ, x ∈ X ) is a lattice bimorphism with ‖T‖ = 1.
Theorem 7.3. λ ⊗ˆF X is isometrically lattice isomorphic to λπ,0(X).
Proof. By Lemma 7.2 and Fremlin’s Theorem, there exists a unique lattice homomorphism
T⊗ : λ ⊗ˆF X −→ λπ,0(X)
such that ‖T⊗‖ = 1 and T⊗(a ⊗ x) = T (a, x) for each a ∈ λ and each x ∈ X . Next we want to show that T⊗ is an isometry
from λ ⊗ˆF X onto λπ,0(X).
Take any u ∈ λ ⊗ X . For any ε > 0, by deﬁnition of ‖ · ‖|π | , u admits a representation u =∑nk=1 a(k) ⊗ xk and there exists
a bipositive bilinear functional ϕ on λ × X with ‖ϕ‖ 1 such that
‖u‖|π | 
∣∣∣∣∣
n∑
k=1
ϕ
(
a(k), xk
)∣∣∣∣∣+ ε. (7.1)
One has
T⊗(u) =
n∑
k=1
T⊗
(
a(k) ⊗ xk
)= n∑
k=1
T
(
a(k), xk
)=
(
n∑
k=1
a(k)i xk
)
i
. (7.2)
For each i ∈N, deﬁne w∗i ∈ X∗ by w∗i (x) = ϕ(ei, x) for each x ∈ X . Then for each a = (ai)i ∈ λ and each x ∈ X ,
∞∑
i=1
aiw
∗
i (x) =
∞∑
i=1
aiϕ(ei, x) = ϕ
( ∞∑
i=1
aiei, x
)
= ϕ(a, x). (7.3)
Thus (w∗i (x))i ∈ λ′ for each x ∈ X and hence, w¯∗ = (w∗i )i ∈ λ′w(X∗). Moreover, ‖w¯∗‖λ′w (X∗) = ‖ϕ‖  1 and w¯∗ is positive
since ϕ is bipositive.
Case 1: u is positive. In this case, since T⊗ is a lattice homomorphism, it follows from (7.2) that
n∑
k=1
a(k)i xk  0, i = 1,2, . . . . (7.4)
Thus by (7.1)–(7.4), one has
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λπ (X)
= sup
{ ∞∑
i=1
x∗i
(∣∣∣∣∣
n∑
k=1
a(k)i xk
∣∣∣∣∣
)
:
(
x∗i
)
i ∈ Bλ′ε(X∗)+
}

∞∑
i=1
w∗i
(
n∑
k=1
a(k)i xk
)
=
n∑
k=1
∞∑
i=1
a(k)i w
∗
i (xk)
=
n∑
k=1
ϕ
(
a(k), xk
)
 ‖u‖|π | − ε.
Letting ε → 0,∥∥T⊗(u)∥∥
λπ (X)
 ‖u‖|π |.
Case 2: u is not positive. In this case, again since T⊗ is a lattice homomorphism, one has∥∥T⊗(u)∥∥
λπ (X)
= ∥∥∣∣T⊗(u)∣∣∥∥
λπ (X)
= ∥∥T⊗(|u|)∥∥
λπ (X)

∥∥|u|∥∥|π | = ‖u‖|π |.
Combining cases 1 and 2, one has ‖T⊗(u)‖λπ (X)  ‖u‖|π | . Note that ‖T⊗‖ = 1. ‖T⊗(u)‖λπ (X)  ‖u‖|π | . Thus we have shown
that T⊗ is an isometry from (λ ⊗ X,‖ · ‖|π |) into λπ,0(X) and hence, an isometry from λ ⊗ˆF X into λπ,0(X). Next we want
to show that T⊗ is onto.
Take any x¯ = (xi)i ∈ λπ,0(X). For each n ∈N, let un =∑ni=1 ei ⊗ xi . Then un ∈ λ ⊗ X and
T⊗(un) =
n∑
i=1
T⊗(ei ⊗ xi) =
n∑
i=1
T (ei, xi) = (x1, . . . , xn,0,0, . . .).
Thus for each m,n ∈N with m > n, one has
‖um − un‖|π | =
∥∥T⊗(um − un)∥∥λπ (X) = ∥∥T⊗(um) − T⊗(un)∥∥λπ (X)
= ∥∥(0, . . . ,0, xn+1, . . . , xm,0,0, . . .)∥∥λπ (X) → 0, as m,n → ∞
and hence, {un}∞1 is a Cauchy sequence in λ ⊗ˆF X . Thus there exists u ∈ λ ⊗ˆF X such that limn un = u in λ ⊗ˆF X . Moreover,
T⊗(u) = lim
n
T⊗(un) = lim
n
(x1, . . . , xn,0,0, . . .) = x¯.
Therefore T⊗ is onto. 
Proof of Proposition 5.3. Let x¯ = (xi)i ∈ λπ,0(X). By Theorem 7.3, there exists a u ∈ λ ⊗ˆF X such that T⊗(u) = x¯. For each
ﬁxed ε > 0, there are, by Proposition 6.1, a(k) ∈ λ+ and yk ∈ X+ for each k ∈N such that
|u|
∞∑
k=1
a(k) ⊗ yk
and
‖u‖|π | 
∞∑
k=1
∥∥a(k)∥∥
λ
· ‖yk‖ ‖u‖|π | + ε.
Note that
|x¯| = T⊗(|u|) T⊗
( ∞∑
k=1
a(k) ⊗ yk
)
=
∞∑
k=1
T⊗
(
a(k) ⊗ yk
)= ∞∑
k=1
T
(
a(k), yk
)= ∞∑
k=1
(
a(k)i yk
)
i =
( ∞∑
k=1
a(k)i yk
)
i
.
Thus
|xi |
∞∑
k=1
a(k)i yk, i = 1,2, . . . .
Moreover
‖x¯‖λπ (X) = ‖u‖|π | 
∞∑
k=1
∥∥a(k)∥∥
λ
· ‖yk‖ − ε  inf
∞∑
k=1
∥∥a(k)∥∥
λ
· ‖yk‖ − ε.
Letting ε → 0,
‖x¯‖λπ (X)  inf
∞∑∥∥a(k)∥∥
λ
· ‖yk‖.k=1
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∑∞
k=1 ‖a(k)‖λ ·
‖yk‖ < +∞ such that (5.1) in Proposition 5.3 holds. Let zi =∑∞k=1 a(k)i yk for each i ∈ N. Then for each (x∗i )i ∈ λ′w(X∗), one
has
∞∑
i=1
∣∣x∗i (zi)∣∣=
∞∑
i=1
∣∣∣∣∣x∗i
( ∞∑
k=1
a(k)i yk
)∣∣∣∣∣
∞∑
i=1
∞∑
k=1
a(k)i
∣∣x∗i (yk)∣∣
∞∑
k=1
∥∥a(k)∥∥
λ
· ∥∥(x∗i (yk))i∥∥λ′

∞∑
k=1
∥∥a(k)∥∥
λ
· ‖yk‖ ·
∥∥(x∗i )i∥∥λ′w (X∗) < +∞.
Thus z¯ = (zi)i ∈ λs(X) and ‖z¯‖λs(X) 
∑∞
k=1 ‖a(k)‖λ · ‖yk‖. It follows from Proposition 5.2 that z¯ ∈ λπ,0(X) and ‖z¯‖λπ (X) ‖z¯‖λs(X) . Note that |x¯| z¯. Thus x¯ ∈ λπ,0(X) and
‖x¯‖λπ (X)  ‖z¯‖λπ (X)  ‖z¯‖λs(X) 
∞∑
k=1
∥∥a(k)∥∥
λ
· ‖yk‖.
Therefore
‖x¯‖λπ (X)  inf
∞∑
k=1
∥∥a(k)∥∥
λ
· ‖yk‖. 
The following corollary is a consequence of Theorems 5.5 and 7.3.
Corollary 7.4.
(i) λ ⊗ˆF X is a KB-space if and only if X is a KB-space.
(ii) λ ⊗ˆF X has RNP if and only if X has RNP.
For a Banach lattice X and a separable closed sublattice S of X , the ideal Z generated by S is, in general, not separable.
However, if X is an atomic KB-space then Z is a separable KB-space. In fact, if {sn}∞1 is dense in S , then each sn is a sum
of a countable number of atoms in X . So every element of S , and in addition, every element of Z , is in the closed span
of the countable family of atoms in X . Thus Z is a separable KB-space. This fact will be used in the proof of the following
theorem.
Theorem 7.5. Let X be an atomic Banach lattice and Y be any Banach lattice. Then
(i) X ⊗ˆF Y is a KB-space if and only if both X and Y are KB-spaces.
(ii) X ⊗ˆF Y has RNP if and only if both X and Y have RNP.
Proof. Note that X and Y are closed sublattices of X ⊗ˆF Y . So X and Y have RNP (or are KB-spaces) if X ⊗ˆF Y has RNP (or
is a KB-space). On the other hand, suppose that X and Y have RNP (or are KB-spaces). We will show that X ⊗ˆF Y has RNP
(or is a KB-space).
To show that X ⊗ˆF Y has RNP (or is a KB-space), it suﬃces to show that every separable closed sublattice of X ⊗ˆF Y has
RNP (or is a KB-space). Let S be a separable closed sublattice of X ⊗ˆF Y . By Proposition 6.3, there exist a solid sublattice
Z generated by a separable closed sublattice of X and a solid sublattice W generated by a separable closed sublattice of
Y such that S is a closed sublattice of Z ⊗ˆF W . Note that in both cases X is an atomic KB-space. By the fact mentioned
before this theorem, Z is a separable KB-space. Thus by Lemma 3.5, there exists an order continuous and injective lattice
homomorphism ϕ from Z to ϕ[Z ], a sublattice of RN . Deﬁne a norm on ϕ[Z ] by ‖ϕ(z)‖ = ‖z‖ for each z ∈ Z . Then ϕ is an
isometry and lattice homomorphism from Z to ϕ[Z ]. Thus ϕ[Z ] has RNP (or is a KB-space). Note that W also has RNP (or
is a KB-space). It follows from Corollary 7.4 that ϕ[Z ] ⊗ˆF W has RNP (or is a KB-space). Therefore, Z ⊗ˆF W has RNP (or is
a KB-space) and hence, S , as a sublattice of Z ⊗ˆF W , has RNP (or is a KB-space), too. The proof is complete. 
Remark 7.6. Fremlin showed in [18,19] that L2[0,1] ⊗ˆF L2[0,1] is not Dedekind complete and hence, does not have the RNP
and is not a KB-space. The same example is a counter-example to Theorem 5 and Corollary 6 in the paper by Puglisi [30].
Remark 7.7. As we said in the introduction, Puglisi in [30] claimed Theorem 7.5(ii). However, his proof is incorrect. On
page 51 of his paper [30], the operator J deﬁned by J (T )(u, x∗∗) = x∗∗(T (u)) is an isometry from L(U , X∗) into C(K ), not
from Lr(U , X∗) into C(K ). Actually, in the summer of 2004, we encountered the same problem when we tried to prove
Theorem 7.5(ii). In the summer of 2005, we succeeded in developing the new method of this paper to prove Theorem 7.5.
At that time we thought the converse of Theorem 7.5 to be true (i.e., the condition of atomicity of X or Y is necessary for
Q. Bu, G. Buskes / J. Math. Anal. Appl. 355 (2009) 335–351 351X ⊗ˆF Y having RNP or being a KB-space) and since then we tried to include a proof in this paper. Unfortunately, we have
been unable to do so at this point in time. This is the reason why we did not submit this paper until now.
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